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1. I n t r o d u c t i o n  
The general methods of s o l u t i o n  o f  t h e  b a s i c  equat ions o f  t he  l i n e a r  
theory  o f  t h i n  s h e l l s  may be c l a s s i f i e d  i n t o  displacement, f o r c e  and mixed 
methods. The f i r s t  method i s  w e l l  known and dea ls  w i t h  e q u i l i b r i u m  equa- 
t - ' . . m  IUIIS expressed i n  terms of displacements. The second and t h i r d  methods 
take var ious  forms. 
i s  developed. I n  ( 3 )  t h e  equat ions o f  t h e  s t r e s s  f u n c t i o n  method a r e  
ob ta ined by expressing the  s t r a i n  c o m p a t i b i l i t y  equat ions i n  terms o f  
s t r e s s  f u n c t i o n s .  A w e l l  known mixed method f o r  sha l low s h e l l s  deals w i t h  
a system o f  two equat ions f o r  a displacement component and a s t r e s s  f u n c t i o n  
(4)(5). 
s h e l l  theory  i s  t he  s t a t i c  geometric analogy (3)(6) o r  d u a l i t y .  
f o l l  owing the  d u a l i t y  i s  e s t a b l  ished f o r  t h e  non-homogenous she1 1 problem 
and i s  used as a bas i s  f o r  e s t a b l i s h i n g  the  equat ions o f  two types o f  
f o rmu la t i ons :  a dual o r  mixed fo rmu la t i on  i n  which t h e  unknowns a re  d i s -  
placements and s t r e s s  f u n c t i o n s  and complex fo rmu la t i ons  i n  which the  
displacements and s t r e s s  f u n c t i o n s  are combined i n t o  t h e  r e a l  and imaginary 
p a r t s  o f  complex dependent va r iab les .  
I n  ( 1 ) ( 2 )  a system o f  equat ions f o r  ''complex f o r c e s "  
A fundamental p r o p e r t y  o f  the bas i c  equat ions o f  l i n e a r  t h i n  
I n  t h e  
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2.  Basic Equations 
The principal l ines  of curvature of the middle surface a re  chosen 
as coordinate l ines  o f  a system of curvil inear coordinates El  and 5 , .  
f i r s t  and second fundamental forms are  wri t ten,  respectively,  i n  the form 
The 
2 2 
"1 2 a2 
R1 R2 
d? d-f = - de1 + - dEi 
A local reference frame of u n i t  vectors Tl, t2 and T3 i s  defined th rough  
the re1 a t i  ons 
- 
r , l  = a1 tl 
- 
t3 = tl x T2 
The vector equilibrium equations may be writ ten i n  the form 
(a2 K l ) , l  + (a1 M 2 L 2  + a1 a2 (tl x Kl + T2 x N2) + "1 a2 u = 0 
(3b) 
where Ri and Hi a re  s t r e s s  resu l tan t  and s t r e s s  couple vectors and 
F a r e  applied force and moment in t ens i t i e s .  
1 e t  
and 
- 
( K ~ ,  K.) = (NT + q, FT! + TI, i = I ,  2 ( 4 )  1 
1, where N i  and 
the general solution of the homogenous equilibrium equations 
form a par t icular  solution of Equations (3)  and K; and 
3 
Equations ( 5 )  a r e  so lved by means of two v e c t o r  s t r e s s  f u n c t i o n s  F and 
i n  the  form 
a2 TT? = €,2 + a2 ‘I, x T 
- - 
M* = - FYI  - al tl x F al 2 
- -  
The s t ra in -d i sp lacemen t  r e l a t i o n s  f o r  t he  s t r a i n  vec tors ,  E~ , E ~ ,  
- x1 , and x;! corresponding, r e s p e c t i v e l y ,  t o  m1 , R2, m1 , and Fi2 have the  
form 
where u and w a r e  the  t r a n s l a t i o n  and r o t a t i o n  vec tors ,  r e s p e c t i v e l y ,  
a s s o c i a t e d  w i t h  a p o i n t  o f  t he  midd le  su r face  and the  normal 
The s t r a i n  vec tors  s a t i s f y  t h e  c o m p a t i b i l i t y  r e l a t i o n s  
t h e r e t o .  
4 
- - _  
The component representation of x l ,  x2,  M1 and K2 i s  taken in the form 
(7 = 
and tha t  of a l l  
(-1 = 
The s tress-s t ra  
other vecotrs i n  the form 
n re la t ions for  an e l a s t i c  shell  are assumed obtainab 
from a s t r a in  energy density function We ( E ~ ~ ~  x i j  ) and, a1 te rna t i  vely , 
from a complementary s t r a in  energy density 
form 
function Wu ( N i j ,  M .  .)  i n  the 
1 J  
( N i j ,  M. 1 J  .) = 
We will consider a l inear ly  e l a s t i c  material w i t h o u t  i n i t i a l  s t resses  SO 
tha t  We and Wo are homogenous polynomials of second degree i n  t h e i r  res- 
pecti ve vari ab1 es . 
I t  will prove convenient for  the purpose of presenting the s t a t i c  
geometric analogy t o  express Equations (10) i n  terms of N? and M T j .  For 
1 j  
t h i s  purpose l e t  
W: = Wu ( N T j ,  M * . )  1 J  
0 
aw 
( E i j ,  P X P . )  = [% - 
1J a N i j  a M i j  
P 
5 
where the par t ia l  derivatives are  evaluated a t  N P j y  M Y j .  Equations (10) 
may then be written in the form 
( N T j  + N P j ,  M* + MP.) = 
1j I J  
(Eij - E i j ,  P X i j  - 
and the following relations hold 
= 1 / 2  C [ ( c i j  - EP.) N? + ( x i j  - xp .) M* .] 
i , j  1 J  1j 1 J  1 J  
As for  the s t r e s s  resultants and s t r e s s  couples the following 
notation wil l  be adopted for  the s t ra in  quan t i t i e s .  
( ) = ( > * +  ( I P  
(13b) 
I f  constraints  are placed on the material of the shel l  they replace 
corresponding s t ress -s t ra in  re lat ions which are  then assumed excluded 
from Equations (13) .  
The constraints of zero transverse shear s t r a ins  and zero couple- 
s t r e s s  s t r e s s  couples will be adopted i . e . ,  
We l e t  a l so  
6 
Mp = 0 i 3  
,g3 = 0 
7 
I 3. S ta t i c -Geomet r ic  Analogy 
I 
The analogy between t h e  forms o f  Equat ions ( 5 )  and (8) ,  and ( 6 )  and 




I correspondance between the  s t a t i c a l  and geomet r ica l  quan t i  t i e s .  I t  w i  11 
be ccnven ien t  t . ~  e s t a b l i s h  t h i s  correspondance between p a i r s  o f  q u a n t i t i e s  
having t h e  same phys i ca l  dimensions. 
I 
For t h i s  purpose a l l  s t a t i c a l  quan- 
I t i t i e s  a r e  d i v i d e d  by an a r b i t r a r y  f a c t o r  k having the  dimensions of a 
I force as shown i n  Equat ion (17) .  
- 
(17) 
- - - - - -  
hi, mi, f , g , p,  q)  = l / k  (Ki, Mi, F, cy F, VI 
- - 
ni and 
g has t h e  dimension o f  a l e n g t h  and 
area. Q u a n t i t i e s  x;, i!, 
L e t t i n g  
have the  dimension o f  a curva ture ,  mi and 7 are  non dimensional ,  
- 
t h e  dimension o f  t he  i n v e r s e  of an 
and 3 are d e f i n e d  s i m i l a r l y  t o  Fi and mi. 
[w, bij, m i j L  we kij, x i j ) l  = l / k  [Ma (Nijy M . . ) h l e  1 J  kijy x i j ) l  
(18) 
the  s t r e s s - s t r a i n  r e l a t i o n s  f o r  t he  newly de f i ned  s t r e s s  r e s u l t a n t s  and 
s t r e s s  couples a r e  ob ta ined from wcr and we through formulas s i m i l a r  t o  
Equat ions (13) .  
The analogy between the  homogenous e q u i l i b r i u m  
c o m p a t i b i l i t y  equat ions may be used t o  combine these 
one system o f  equat ions f o r  complex dependent va r iab  
f i n e d  th rough the  r e l a t i o n s  
c - 
x1 - i n; 21 = - n"* 2 = 
- = i f i f = x p + i n f  - - 
x2 
equat ions and t h e  
two systems i n t o  
es. These a re  de- 
8 
where i =F 
The n o t a t i o n  f o r  a complex q u a n t i t y  assoc ia ted  w i t h  a r e a l  q u a n t i t y  ( ) o r  
(-) i s  unambiguously (") .  
vec tors .  
No spec ia l  n o t a t i o n i s  used t o  i n d i c a t e  complex 
The n o t a t i o n  (") i n d i c a t e s  the  complex conjugate o f  ( " ) .  
Cons is ten t l y  w i t h  the  n o t a t i o n  
(") = (")* t (")P 
we d e f i n e  the q u a n t i t i e s  
From Equations (20)and ( Z l ) ,  Equations (19) may a l s o  be w r i t t e n  i n  t h e  
f o r m .  
- 
g, F, u and w a r e  combined i n  the  forms 
9 
The complex q u a n t i t i e s  de f i ned  above w i l l  be r e f e r r e d  t o ,  as the  n o t a t i o n  
suggests, complex s t r a i n s  , complex s t ress  r e s u l t a n t s ,  complex displacemnets 
e t c  .... 
as appear ing i n  Equat ions (19),  (21 ) , (22), and ( 2 3 )  w i  11 be c a l l e d  dua l .  
The same terminology i s  app l i ed  t o  the  s c a l a r  components. 
The r e a l  and imaginary p a r t s  o f  a complex geometr ica l  q u a n t i t y  
I f  dual q u a n t i t i e s  a re  interchanged the  homogenous e q u i l i b r i u m  and 
c o m p a t i b i l i t y  equat ions a re  interchanged. I f  a d u a l i t y  i s  t o  be def ined 
i n  which the  s t r e s s - s t r a i n  r e l a t i o n s  remain i n v a r i a n t  i t  i s  necessary t o  
l e t  the  m a t r i x  of e l a s t i c  constants ,  a p p r o p r i a t e l y  ordered, be the  dual  
of i t s  inverse .  
We w i l l  cons ider  an i s o t r o p i c  ma te r ia l  having E as Young's modulus 
and v as Poisson 's  r a t i o ,  f o r  which, w i t h  
Eh2 k =  
12(1-VZ) 
h h =  
2 0 12(1-v 1 
wa and we take the  form 
10 
In  Equations (25) ho  must be considered as an e l a s t i c  constant. 
correspondance t h a t  leaves the s t r e s s  s t r a in  re lat ions unchanged ho and v 
correspond t o  - ho and - v ,  respectively,  and w; corresponds t o  - we. 
In the 
I- 
1 1  
4. Equat ions f o r  Complex Dependent Var iab les 
Equat ions ( 5 )  and (8) may be combined i n t o  complex homogenous 
e q u i l i b r i u m  equat ions i n  t h e  form 
It i s  a l s o  p o s s i b l e  t o  w r i t e  
where 
The s t r e s s - s t r a i n  r e l a t i o n s  der ived  f rom wo and we and Equat ions 
(16a-d) may be combined i n  t h e  complex form 
12 
The r e l a t i o n s  between the  
associated w i t h  the  p a r t i c u l a r  s o l u t i o n  o f  t he  
i j '  where Kij i s  the complex conjugate o f  ii 
q u a n t i t i e s  i ipj  and 
e q u i l i b r i u m  equations are  ob ta ined by changing the  s i g n  o f  one s i d e  of 
Equat ions (28).  There fo l lows t h a t  Equations (28) may a l t e r n a t i v e l y  be 
w r i t t e n  w i t h  the  s i g n  (*) de le ted  from the  l e f t  hand s ides  and a t tached 
t o  the  q u a n t i t i e s  of  t h e  r i g h t  hand s ides.  
Equations (26) a re  so lved i n  terms o f  t he  two complex vec to r  s t r e s s  
f u n c t i o n s  ij and ? i n  the  form 
The s c a l a r  equat ions ob ta ined from Equat ions (27a, b) w i t h  fi13 = ti23 = '0 
take the  form 
13 
ifI12 %1 
- + 4 " 3 = O  fi12 - fiZ1 + -- Ri R2 
and from Equations (29)  there comes 
- 
"1 n"*22 - - 72,l + a1,2 ?l 
al 
al T 2  = " 2  % , l  + " 1 2  92 + -q-- 93 
- 
a1 a2 q1 = - a g + 2 2 , l  a1,2 91 + al f 3  
"1 - - 
a1 - - f3,1 + R f l  1 
(3Gf  1 
14 
Equations (31 may then be expressed i n  terms o f  g , ,  p , ,  ij3 and r3. 
15 
5. Mixed Formula t ion  i n  Terms o f  Displacements and St ress  Funct ions 
Assuming t h a t  a p a r t i c u l a r  s o l u t i o n  o f  t he  e q u i l i b r i u m  equat ions 
has been determined, t h e  s t r e s s - s t r a i n  r e l a t i o n s  when expressed i n  terms 
o f  t he  s t r e s s  f u n c t i o n s  and displacements form a system o f  e i g h t  equat ions 
i n  the  e i g h t  unknowns gl, si2, s i3 ,  f3, ul, u2, u3’ and 
t i o n s  a r e  t h e  r e a l  and imaginary p a r t s  o f  Equations (28a-d). 
These equa- 
- 
By e l i m i n a t i n g  F 3  = f3 - i w3 from Equations (28c-d) i n  which f3  
appears i n  non d i f f e r e n t i a l  form a system o f  s i x  r e a l  equat ions f o r  gl, 
92’ 93’ U1’ U 2 ’  and u3 i s  obtained. 
t he  a l t e r n a t i v e  form mentioned e a r l i e r  w i t h  t h e  a s t e r i s k  on t h e  r i g h t  
From Equations (28c-d) w r i t t e n  i n  
hand s i d e  and Equat ion ( 3 0 f )  used i n  the homogenous form t h e r e  comes 
and f rom Equations (31g-h) 
I t  may be concluded from Equations (33) t h a t  a n e g l i g i b l e  e r r o r  o f  o rde r  
3 
h“ - i s  made i f  i n  the  expression (31c-d) o f  ETp2 and 7i;l , f3 i s  determined 
D 2 
Prom Equat ion  (33b) by l e t t i n g  fi12 - fiZ1 = 0, i . e . ,  
N o t i n g  t h a t  (mP2 + m;,) i s  independent o f  f3 the t h r e e  complex equat ions 
f o r  determing ul, u2, u3, g1 , g2, and g3 take the  form 
16 
ii*ll = - i h, - v K11) 
ti;2 = - i h, 
+ ti* 
- v 7?22) 
= - i h, [ f i12 + fi21 + v (Kl2 + K21)] 21 
6. Complex Formulation i n  the Case v = 0 
If v = 0 Equations (28a-d) do n o t  contain the complex conjugates 
They form, a f te r  use of Equation (31a-h) and 
- - - - 
f i l l y  ii22y ii12, and ii21. 
(32), four equations for  t j l ,  tj2, 4,. and f3. 
section a negligible e r ror  of order i s  made i f  Equations (35) w i t h  
v = 0 ,  a re  used as a system of three equations fo r  determining C j l y  tj2, 
and tj3. 
- 
As outlined in the preceding 
h2 
R 
This complex formulation i s  essent ia l ly  the same as tha t  of Equa- 
I n  these equations however, displacements tions 15.5 in Reference (1). 
and stress functions are combined into complex quant i t ies  i n  the homo- 
genous problem only and the par t icular  solution i s  res t r ic ted to  be a 
membrane solution. Another complex formulation in the case v = 0 will 
be obtained i n  section 8. 
18 
7. Complex Formulation in the Case v # 0 .  Expansion in Powers of v 
Let Equations (28a-d)  be represented in matrix notation in the form 
{fi*) - i h o  {fi) = i ho  v [J] {g (36) 
where 
{a*} = {fi* 11 fi* 22 T 2  iii* 21 1 (37a 1 
(37b) { f i l  = {-fi*2 3 1  ii12 i i l  21 
0 - 1  0 0 
0 0  
The dependent variables may be sought as power se r i e s  i n  w in the form 
9 
(“) = ( “ lo  + v(-) ,  + V L  ( - ) *  + ... 
Equating coefficients of equal powers of w in Equation (36) obtain the 
sys tem of equations 
The solution of Equations (39) may proceed sequent ia l ly  and ,  because 
Equations (39) have the same homogenous pa r t ,  only par t icu lar  solutions 
of (39b) need be determined. 
The obtention of par t icular  solutions of Equation (39b) presents 
in general no  s ign i f icant  e f f o r t  beyond the obtention of the general 
solution of the homogenous equation (39a). Prac t ica l ly  the system o f  
~~~ 
~ 
equat ions i s  t runca ted  a t  an approp r ia te  va lue  o f  k .  
20 
8. Approximate Complex Formulat ion i n  the  case v # 0. Vector  Equat ions 
The s o l u t i o n  o f  the s h e l l  problem may be viewed as c o n s i s t i n g  i n  
determin ing two complex vec tors  ? aKd 0 such t h a t  t he  covponents of  t he  
l e f t  hand sides o f  Equations (29) s a t i s f y  the  s t r e s s - s t r a i n  r e l a t i o n s  
Equat ions (28) 
Equations (28) may be w r i t t e n  i n  the  vec to r  form 
i%* = i h ( - f i  T2 + ( 1  + v(")) t3 x El) 1 0 
tii; = i h ( f i  Tl t (1  + v(")) t3 x E2) 0 
where 
and (") i s  the opera to r  t rans forming  a complex q u a n t i t y  i n t o  i t s  complex 
conjugate.  
f o r  determin ing g, o b t a i n  w i t h  use o f  Equat ions (40) 
Consider ing now Equat ions (29c,d) as a system o f  equat ions 
- 
ij,2 = - i ho (E a 7 - (1  t v(=))  t3 x ci2 El) - a2 t2 x f 
(42b) 
2 2  
From Equations (42) and (29a,b) t he  t o t a l  d i f f e r e n t i a l  o f  0 takes the  form 
dij = - i ho [E d r  - ( 1  t v(") t3 x d r ]  - d r  x 
+ i ho (1  + v(") t3 x (a2 E: dC2 - al fip dC1) (43) 
For dij t o  be an exac t  d i f f e r e n t i a l  t he  r i g h t  hand s ides  of Equat icns (42)  
must s a t i s f y  the  c o n d i t i o n  
(44)  = o  12 0¶*, - 9",  
21 
which, a f t e r  use of Equations (27a), (29a,b) and d i f f e r e n t i a t i o n  formulas 
fo r  t he  u n i t  normal v e c t o r  t3, takes the form 
Equat ion (45) may be expressed i n  terms o f  ? and 7 by means o f  Equat ions 
(29a,b). I f  v = 0, 7 does n o t  occur and Equat ion (45) may be considered 
as a complex vec to r  d i f f e r e n t i a l  equat ion i n  one unknown 7 .  For v # 0 an 
expansion o f  7 i n  powers o f  v may be made f o l l o w i n g  the  method o f  s e c t i o n  
7. 
Equat ion (45) a f t e r  neg lec t i ng  terms o f  o rde r  E. 
I t  may be seen, however, t h a t  an equat ion f o r  7 amy be obta ined from 
h Th is  i s  
F u r t h e r  s i m p l i f i c a t i o n s  a re  poss ib le  i n  Equat ion (46) i f  fiy and fig 
a r e  n o t  o f  a l a r g e r  o rde r  o f  magnitude than fi? and fi; 
Equat ion (46)  f o r  7 ,  tj i s  determined through i n t e g r a t  on o f  dg" i n  Equat ion 
(43) where s i m p l i f i c a t i o n s  cons is ten t  w i t h  the  ob ten t  on o f  Equat ion (46) 
and such t h a t  do remain an exac t  d i f f e r e n t i a l  must be made. 
f i c a t i o n s  may be seen t o  c o n s i s t  i n  l e t t i n g  i n  Equat ion (43) 
Having so lved 
These s i m p l i -  
then n e g l e c t i n g  i ho d t 3  x w i t h  regard t o  d y  x i^. The r e s u l t  i s  
22 
1 e t t i  ng 
r 
* 
J = ?j - i ho (1  + v(") T3 x f 
Equat ion (48a) y i  e l  ds 
- 
9,, = - i h a fi 7, + al f x Tl - i ho al ( 1  + v("))T3 x i$ 0 1  
( 48c ) - 
y y 2  = - i h a2 f i T 2 t a 2  f x y 2 t i  
0 
Sca la r  Equations 
The sca la r  comp t s  f Equat i  (45) t k t h e  form 
fi12 %1 R!2 - fizl = - i h ( 1  + v ( " ) ) ( r  - -1 
1 R2 0 
The s i m p l i f i c a t i o n s  l ead ing  t o  Equat ion (46)  t rans fo rm Equations (49)  i n t o  
- i i y 2  fi;l 




In  terms of F l y  r2 and F 3  Equations (5Oj take the form 
L J '1 
W i t h  r3 determined from Equation (52c),  Equations ( 5 2 a , b )  form a system 
of two d i f fe ren t ia l  equations for  Tl and F2. 
curvature the coef f ic ien t  of F 3  i n  Equation (52c) vanishes. 
two equations fo r  F1 and T 2  i s  formed then of Equation (52c) and  of the 
equation obtained by eliminating F 3  from Equations (52a ,b )  
For she l l s  of zero mean 
A system of 
A par t icu lar  solution of Equations ( 5 2 )  may be viewed as a correction 
to  the par t icu lar  solution of the equilibrium equations, i n  the sense t h a t  
superposition of the two solutions yields a solution of  the complete system 
of she l l  euqations. 
the approximate character of a membrane solution. 
I n  par t icu lar ,  Equations (52) may be used t o  invest igate  
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The sca la r  components o f  Equations (48c’d) take the  form 
a 
t -  = - i ho al (ii - ( 1  + v(”)) fig2) 31’1 a2 
a2 a ‘” 3, + - 3,  = - i ho a2 (ii - ( 1  + v(“)) flyl) 
32’2 + “1 R2 
where n“ may be expressed i n  terms o f  fl and f2 i n  the  form 
Novozh i lov ’s  Equations 
S u b s t i t u t i n g  f o r  ”3 and nZ3 from Equat ions (50a,b) i n t o  t h e  complex 
e q u i l i b r i u m  equat ions (30a-c) and assuming t h a t  a n e g l i g i b l e  e r r o r  o f  




i ho 4 3  
a2 % q- - -  (a2 iill)yl ’ (‘1 f i )  21 ’2  - a2,1 “42  ’ a1,2 ‘12 R1 
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0 7  
i h  
5 
i ho 
+ a1 a2 (1  - -> P2 - L, - P2 = 0 
R2 R2 
(55b) 
9 1  
R1 R2 
-+-+i  h o A f i - p 3  
Equations (55) reduce t o  equat ions 16.10 i n  Reference 1 i f  t h e r e  i s  no 
moment l o a d  
a c t u a l l y  t o  be determined, w i t h  a s o l u t i o n  o f  t h e  e q u i l i b r i u m  equat ion  of 
and i f  the  p a r t i c u l a r  s o l u t i o n  i s  i d e n t i f i e d ,  wi thoug hav ing  
x2 t h e  membrane theory .  I n  t h a t  case n13 P = n;3 = 0, $ = -p  = 0 and = = p. 
Expressing the  complex s t r e s s  r e s u l t a n t s  i n  terms o f  fly F 2  and F 3  
by  means o f  Equations (31a-d), Equat ion (55c) becomes a consequence of 
Equations (55a,b) and these take the  form o f  Equations (52a,b). 
(52a,b) express then t h e  c o n d i t i o n s  f o r  the  complex s t r e s s  r e s u l t a n t  - 
s t r e s s  f u n c t i o n  r e l a t i o n s  t o  so l ve  Equations (55) .  
Equations 
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9. Equations i n  I n v a r i a n t  Form I 
From Equations (50a,b) o r ,  e q u i v a l e n t l y ,  f rom Equations (52a,b) and 
f o r  s h e l l s  o f  non zero Gaussian curva ture  Tl and 7, may be expressed i n  
terms o f  ?, and ii i n  the form 
ii,2 
+ P; + v F;) 0 1 a2 
- R1 - 
f = -  f3,1 - i h R (- 
a1 
R2 f* = - + p i  + v Si) - a2 '3,2 
where, as found i n  Equat ion (54)  
S u b s t i t u t i n g  f o r  T1 and T2 f rom Equations (56) i n t o  Equat ions (57) and 
(52c) the re  comes 
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f o r  i3 and ii. They may be 
coord ina tes  on n o t i n g  t h a t  
ons i n v o l v e d  
Equations (58) f rom a system o f  two d i f f e r e n t i a l  equat ions  o f  f o u r t h  o r d e r  
w r i t t e n  i n  an a r b i t r a r y  system o f  c u r v i l i n e a r  
f3 and ii are  i n v a r i a n t s  and t h a t  t h e  d i f f e r e n -  
n Equations (58) may be expressed as divergence 
- 
t i a l  express 
expressions. 
I t  may be no ted  t h a t  t h e  homogenous membrane s o l u t i o n  and i t s  dual - 
inex tens iona l  bending s o l u t i o n  a r e  ob ta ined through the  s o l u t i o n  f o r  f3 
of the  d i f f e r e n t i a l  equat ion  ob ta ined from Equat ion (58b) by l e t t i n g  a l l  
terms o t h e r  than F 3  be zero. 
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10. Equations i n  I n v a r i a n t  form I 1  
Another way o f  expressing Equations (52) i n  terms o f  two i n v a r i a n t  
f unc t i ons  i s  t o  express f, and T2 i n  the form 
From Equations (59) t h e r e  comes 
where A i s  Lap lace 's  ope ra to r  i n  the  m idd le  sur face .  
(57) and (52c) i t  i s  seen t h a t  ii and r3 are  r e l a t e d  t o  A$ and Ai$ th rough 
the  re1  a t i  ons 
From Equations (601, 
where i t  i s  assumed t h a t  





It may be noted t h a t  t h e  homogenous equations (63) admi t  as s o l u t i o n s  
con jugate  harmonic f u n c t i o n  $ and $ making Tl and f3 zero and c o n t r i b u t i n g  
zero t o  F3. Such harmonic f u n c t i o n s  are o f  no i n t e r e s t .  
30 
11. Mushtari-Vlassov Equat ion 
For r a p i d l y  vary ing  s ta tes  o f  s t ress  such t h a t  
4 ' j  
t h e  terms may be neg lec ted  i n  Equations (63) .  Then upon e l i m i n a t i o n  
of [g] there comes the  d i f f e r e n t i a l  equat ion f o r  5 i 
where 
Cons is ten t l y  w i t h  the above approximat ions the  terms i n  $ should be de le ted  
from Equations (59 ) .  
I f  the s i m p l i f y i n g  assumptions assoc ia ted  w i t h  V lassov 's  sha l low s h e l l  
equat ions ( 7 )  a re  i n t roduced  i t  becomes p o s s i b l e  t o  w r i t e  
I t  i s  i n t e r e s t i n g  however, t h a t  t he  d e r i v a t i o n  o f  Equat ion (66) may be 
based s o l e l y  on the order  o f  magnitude r e l a t i o n  (65)  which f o r  a surface 
o f  smooth geometry may be rep laced by 
Equation (66) may be i d e n t i f i e d  except  f o r  i t s  r i g h t  hand s i d e  w i t h  
Equat ion 17.16 o f  Reference 1. The d iscrepancy between the  r i g h t  hand 
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s ides  i s  due t o  the  assumption made i n  Reference 1 and s i m i l a r  d e r i v a t i o n s  
t h a t  
of a p a r t i c u l a r  s o l u t i o n  o f  t h e  e q u i l i b r i u m  equat ions.  
= 0, p1 = p2 = 0 and t o  t h e  i n t r o d u c t i o n  i n  t h e  p resen t  d e r i v a t i o n  
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12. A p p l i c a t i o n  t o  a Spher i ca l  S h e l l  
The coordinates c1 and c2 a r e  i d e n t i f i e d  r e s p e c t i v e l y  w i t h  t h e  
mer id iona l  angle 5 and the  c i r c u m f e r e n t i a l  angle 6 .  
r a d i u s  o f  the sphere and r t h e  r a d i u s  of a p a r a l l e l  c i r c l e  we have 
L e t t i n g  a denote the  
a2 = r = a s i n  6 
I t  i s  convenient t o  i n t r o d u c e  the  independent v a r i a b l e  
r) = l o g  t a n  L 
and t o  adopt the  n o t a t i o n  
( > '  = ( ) I 1  
The n o t a t i o n  ( )* of Equat ion (72d) a p p l i e s  o n l y  t o  t h i s  s e c t i o n .  
I t  may be shown t h a t  
2 ao( = a A (  = s in- '  5 [ (  >** + ( ) * *  1 
Assuming i iy2 = fig1 Equat ion (61b) y i e l d s  
7 *o f = - -  
3 2a 
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and Equations (63) take the form 
.., 
(74a 1 i h o  2 2[- A, ip + ip ] *  - [ ( A o  + 2)$ ] *  = - 2 i h o  a sin 6 R1 
(74b 1 i ho  2 2 E,- A, 5 + 53' + [ ( A ,  + 2)$]* = - 2 i h o  a sin 5 $, 
I t  i s  noted tha t  the homogenous Equations (74) a re  Cauchy-Reimann cnndi t ions 
w i t h  respect to  q and e .  
solution of the homogenous equations i s  concerned, a re  therefore complex 
conjugate harmonic functions. 
The quantit ies i n  the brackets, as f a r  as the 
I t  may be readily ver i f ied tha t  a par t icular  
determi nation of $ and $ corresponding t o  these con jugate harmonic functions 
may be made such tha t  T1, 
t ion o f  $.and $ as  being o f  no in t e re s t  the general solution of Equations 
and r3 are zero. Disregarding this determina- 
(74) may be writ ten i n  the form 
where 5 and $ are  a par t icular  solution and qh  and $, are  the general P P 
solut ion of the equations 
(Ao ' 2) 6, = (76b 1 
- - -  
f,, f2 and f 3  a re  obtained from Equations (59) and (73) i n  the form 
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Equat ion (76b) i s  assoc ia ted  w i t h  t h e  homogenous membrane and inex tens iona l  
s o l u t i o n s  and Equation (76a) i s  assoc ia ted  w i t h  t h e  edge-zone s o l u t i o n .  
i s  now determined through jy Equation (48b), by i n t e g r a t i n g  Equations (53). 
These a f t e r  using Equations (61a), (76a) and (77) take  t h e  form 
s" 
1 
2 0 P  
( 78d 1 
9;  - cos 5 j z  = - s i n  5 $h - s i n  5 ( i  ho a (1 t v(")) fiy2 - - A 
+ COS 5 jl + s i n  5 j ,  = s i n  5 iJh - i ho a s i n  5(fi!2 - v T1 + a-' A $ ) y2 O P  
( 78e 1 
( 7 8 0  - s i n  5 S, = s i n  5 $A t $, t s i n  5 $; t 5' P 
Equations (78) form a compat ib le  system of s i x  equat ions  i n  t h r e e  unknowns. 
A p a r t i c u l a r  s o l u t i o n  o f  Equations (78) i s  o f  t h e  form 
= yh ' j p  (79) 
where j corresponds t o  the terms i n  flyj. GP and $ 
$h and $h. 
f u n c t i o n s  b, and R 2  conjugate i n  t h e  Cauchy-Riemann sense, i .e. 
t he  r e l a t i o n s  
and 9, corresponds t o  P P '  
To o b t a i n  j h  i t  i s  convenient t o  i n t r o d u c e  two complex harmonic 
s a t i s f y i n g  
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- -. 
H = - H i  1 
and r e l a t e d  t o  $, through the  r e l a t i o n  
$, = ( s i n  5 H2) '  (81 1 
To show t h a t  Equations (80) and (81) are cons is ten t  w i t h  Equation (76b) 
the  f o l l o w i n g  i d e n t i t y  may be v e r i f i e d  
There fo l l ows  from Equations (76) and (82) t h a t  the most general fi as 
def ined i n  Equation (81) s a t i s f i e s  
2 
A0 
A, H2 = 3 s i n  5 
where A(8) i s  an a r b i t r a r y  f u n c t i o n  o f  8.  
p o s s i b l e  t o  determine a p a r t i c u l a r  s o l u t i o n  f o r  i2 o f  Equation (83) i n  the  
form - B ( e )  s i n  6' 
l o s s  o f  g e n e r a l i t y  by l e t t i n g  
For an a r b i t r a r y  A ( @ )  i t  i s  
Such a p a r t i c u l a r  s o l u t i o n  g ives qh = 0. There i s  thus no 
A(8) = 0 
and 
A. fi2 = 0 (84b) 
- 
H2 i s  there fore  a general complex harmonic func t ion .  
I t  may be r e a d i l y  v e r i f i e d  tha t  a s o l u t i o n  f o r  Sh,, jh2 and yh3 may 
be w r i t t e n  i n  the  form 
- 
y h l  = s i n  5 H1 ( 8 5 4  
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Since the homogenous Equat ions (78) express i n  s c a l a r  form the  equat ion  
d j  = O ' t h e  general s o l u t i o n  o f  Equations (78) i s  ob ta ined by adding a 
cons tan t  vec tor  yo t o  the  p a r t i c u l a r  s o l u t i o n .  
however, because a cons tan t  vec to r  i s  representab le  through Equations (85) 
by l e t t i n g  
Th is  need n o t  be done, 
.., s i n  8 cos 8 
H2 = - Zx  zy 
where IX, a" and Z z  a re  Car tes ian  components o f  t h e  cons tan t  complex 
vec tor .  
Y 
F i n a l l y ,  the  general  s o l u t i o n  fo r  g i s  ob ta ined  f rom Equat ion (48b) 
i n  the  form 
P2 
g2 = s i n  6 p, + i ho (1 t v(")) i1 + j7 
The general  s o l u t i o n  of t he  spher i ca l  s h e l l  problem ob ta ined  here agrees 
except  f o r  a n e g l i g i b l e  discrepancy i n  Equat ion  (76a )  due t o  the  approx i -  
mations in t roduced i n  o b t a i n i n g  Equations (52 )  w i t h  an e a r l i e r  s o l u t i o n  
of  t he  homogenous problem i n  terms of s t r e s s  f u n c t i o n s  (8) .  
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Summary and Conclusion 
The s t a t i c  geometric analogy 
shel 1 problem and i s  used as a bas 
i s  established for  the 
s for a mixed formulat 
non homogenous 
on of the shel 
problem i n  terms of displacements and  s t r e s s  functions and for complex 
formulations i n  terms of complex dependent variables.  Using complex 
s t r e s s  functions (or complex displacements) two formulations are obtained 
in each of which the basic system of di f fe ren t ia l  equations i s  reduced t o  
a system of twoequations fo r  two invariant complex functions. 
tionship between these equations and Novozhilov's system of three equations 
for complex s t r e s s  resultants i s  established. The approximations t h a t  
make feasible  the complex formulations a re  a l l  contained i n  the s ingle  
s tep  o f  obtaining the vector Equat ion  (46)  from Equation (45) .  
mathematical inconsistencies t h a t  a re  caused by these approximations in 
the determination of displacements from s t r a i n  quanti t i e s  and of s t r e s s  
functions from s t r e s s  quant i t ies  are  ident i f ied and eliminated. 
determination of the displacements and s t r e s s  functions i s  thereby reduced 
t o  the integration of an exact d i f fe ren t ia l .  
f o r  sa t i s fy ing  boundary conditions involving displacements or s t r e s s  
functions in analytical  as well as numerical methods of solution. 
The rela-  
The 
The 
This should be advantageous 
The Mushtari-Vlasov formulation for  rapidly varying s t a t e s  of s t r e s s  
and f o r  shallow she l l s  i s  obtained from the general Equations ( 6 3 )  by 
delet ing negligible terms. 
Application t o  the case o f  the spherical shell  resul ts  in two com- 
pl ex uncoupled d i f fe ren t ia l  equations of second order, each associated 
with a par t icu lar  type of shell  behavior. 
The complex formulations presented here may be written in an arbi-  
t r a r y  system of surface curvil inear coordinates upon making use of the 
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